Wakimoto modules for a class of gradation shifting toroidal Lie algebras by 兰德新
$9: 10384 1 AU 1: x2006170005 UDC
5   b 5 f
j?4+Pn Toroidal DX
Wakimoto K
Wakimoto modules for a class of



































"uP,s>Ut>uD5(M!S~f'n158N6g1 z$9>J℄knL 9h6gnq5kÆO6gws>UR)%S℄0 =MrM"uP,s>Uf6g\o(366gY0w`>f6gd)J5Y E%L:851=1J^℄C8p6g"6g*? Æ1. {s>UB^FC
















iN G}`xi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iiit`xi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ivsg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1!lz lA6-Rp Toroidal FZ Wakimoto M . . . . . . . . . . . . . . . . . 4
§1.1 3*Om toroidal CW . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
§1.2 W L4(t1, t2, t1t2, 1) 7' . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
§1.3 3*Om toroidal CW$"[U . . . . . . . . . . . . . . . . . . . . . . . . . . 8















Abstract (in Chinese) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Abstract (in English) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
Chapter I Wakimoto modules for a class of gradation shift-
ing toroidal Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .4
§1.1 Gradation shifting toroidal Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
§1.2 The structure of the algebras L4(t1, t2, t1t2, 1) . . . . . . . . . . . . . . . . . . . . . . . . 5
§1.3 The vertex operator representations of the gradation shifting toro-
idal Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .8
§1.4 The structure of the Fock space and its irreduciblity . . . . . . . . . . . .15
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20













iiiw hm?Z% toroidal W/ Ln(ts1 , · · · , tsn)  toroidal W/S&B?( ν℄C A = C[t±11 , · · · , t±1ν ] [Æ(W/ A = Aν := C[t±11 , · · · , t±1ν ]  /C C ν &)gB7w}so(n, C)  n(≥ 3) mgW/T?; n mvB aP7"m A s n E: E1, E2 · · ·En ∈ AQ\)Æ_
so(n, C) ⊗A m-1xÆP;
[αij ⊗ f, αjk ⊗ g] = αik ⊗ Ejfg,
[αij ⊗ f, αij ⊗ g] = [αij ⊗ f, αkl ⊗ g] = 0._ f, g ∈ A, 1 ≤ i, j, k, l ≤ n  =5yOb/,
{αij := eij − eji | 1 ≤ i ≤ j ≤ n},\s 1 ≤ i 6= j ≤ n, eij [ (i, j) ao 1\ao 0  n m adv=5yOb/ 1 ≤ i, j, k, l ≤ nP;[













Gradation shifting toroidal Lie algebra Ln(ts1 , · · · , tsn) is a generalization of
toroidal Lie algebra coordinated by ν-torus A = C[t±11 , · · · , t±1ν ]. Let A = Aν :=
C[t±11 , · · · , t±1ν ] be the ν variable commutative ring of Laurent polynomials over the
complex field C. so(n, C) is order n(≥ 3) complex orthogonal Lie algebra, i.e., the
set of all n × n antisymmetric matricesLet E1, E2, · · · , En ∈ A be fixed in A, we
define the bilinear operation over the tensor space so(n, C) ⊗A :
[αij ⊗ f, αjk ⊗ g] = αik ⊗ Ejfg,
[αij ⊗ f, αij ⊗ g] = [αij ⊗ f, αkl ⊗ g] = 0,
where,f, g ∈ A, 1 ≤ i, j, k, l ≤ n are distinct integers,
{αij := eij − eji | 1 ≤ i ≤ j ≤ n},
where 1 ≤ i 6= j ≤ n, eij is the n × n matrit (having 1 in the (i, j)-entry and 0
elsewhere ), and for the distinct integers 1 ≤ i, j, k, l ≤ n, the Lie bracket is
[αij , αjk] = αik, [αij , αkl] = 0.
Then (so(n, C) ⊗ A, [·, ·]) is a Lie algebra, which is called the gradation shifting
toroidal Lie algebra, denoted by Ln(E1, · · · , En).
In [2], when n = 2, a vertex operator representation of the gradation shifting
toroidal Lie algebra L(t1, t2, 1) is given. In [1], the author constructed a class of
Wakimoto modules of L(t1, t2, 1). In Section 2 of Chapter 1 of the paper, we stady
the structure of gradation shifting toroidal Lie algebra L4(t1, t2, t1t2, 1) with two
variable. In Section 3, we use the method of Wakimoto free field to get a vertex
operator representation (W, π). In Section 4, we stady the structure of Wakimoto
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qh 2 Kac-Moody W/h_%o&zD[So_W/*44li;W/4zZTo$toroidal W/ W/w&)$?/M2AB?*4;#li;W/ 9rx [23] K*7w}N[, 2×2  aDW/s
\T toroidalW/(v:>v\s$vv$ÆgK* Verma I ([22]) vx.$vXK* WakimotoIvli;W/4 W/R\*v$7zZ>4QUDk4t4s;wgaxli;W/4>4;9	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W/ ([12],[13],[25],[20]) *4;#?dliW/ V *4xm?Z% toroidal W/ toroidal W/S& so(n, C)  n(≥ 3) mgW/T?; n mvB aP7kB$	K
{αij := eij − eji | 1 ≤ i ≤ j ≤ n}\s 1 ≤ i 6= j ≤ n, eij [ (i, j) ao 1\ao 0  n m aur;
αij = −αji, dv=5yOb/ 1 ≤ i, j, k, l ≤ nP;[
[αij , αjk] = αik [αij , αkl] = 0.i?g`a` ≪ XW/04 ≫ h 17 "[ n = 3, 4, 6 so(n, C), A1,A1 × A1,A3 ;w℄XW/[ n ≥ 5  ^/so(n, C)  
Bn−1
2
;w℄XW/[ n > 6  W/so(n, C)  Dn
2
;w℄XW/ A  /C C w+$VXaEgBo7W/"m A s n E: E1, E2, · · · , En ∈ AQ\)Æ_ so(n, C) ⊗A m-1xÆP;
[αij ⊗ f, αjk ⊗ g] = αik ⊗ Ejfg,













qh 3[ n = 3[2]eE*w$Vnm?Z% toroidalW/ L3(E1, E2, E3)<O>wE loop W/ L3(1, 1, 1) <O> L3(ts1 , ts2, 1)G,[ n = 3, ν = 2m?Z% toroidal W/QOa+-pm; L3(1, 1, 1) 4 L3(t1, t2, 1)e[
[3] 4 [4] 7 Wakimoto :>}K TKK W/ G(T (S)) $li;*[2] Q?e[s!Km?Z% toroidal W/ L(t1, t2, 1) $li;*slQ [1] s℄=U* L(t1, t2, 1) $ Wakimoto IQ!eh$[, i?2 n = 4 .(&)m?Z% toroidal W/
L4(t1, t2, t1 ·t2, 1) KBo07 Wakimoto :>}Km?Z%













lz l0(<m Toroidal 1P Wakimoto 8 4 ky k5,Qo Toroidal EY Wakimoto LxR, toroidalW/4)CW/*(_&};w*QU7* Wakimoto :>}Q_$[i?7 Wakimoto :>}Um?Z% toroidal W/ L4(t1, t2, t1t2, 1) *h$ni?Km?Z% toroidal W/m-hyni?Km?Z% toroidal W/ L4(t1, t2, t1t2, 1) ohni?7Wakimoto:>}Um?Z% toroidalW/ L4(t1, t2,
t1t2, 1) $li*h8ni?K Fock Æ_oR V 5K* (V, π̃)
§1.1 6-Rp toroidal FZ so(n, C)  n(≥ 3) mgW/T?; n mvB aP7kB$	K
{αij := eij − eji | 1 ≤ i ≤ j ≤ n},\s 1 ≤ i 6= j ≤ n, eij [ (i, j) ao 1\ao 0  n m aur;
αij = −αjidv=5yOb/ 1 ≤ i, j, k, l ≤ nP;[
[αij , αjk] = αik [αij , αkl] = 0. (1)i?g`a` ≪ XW/04 ≫ h 17 "[ n = 3, 4, 6 so(n, C), A1,A1 × A1,A3 ;w℄XW/[ n ≥ 5  ^/so(n, C)  
Bn−1
2
;w℄XW/[ n > 6  W/so(n, C)  Dn
2
;w℄XW/ A  /C C w+$VXaEgBo7W/"m A s n E: E1, E2, · · · , En ∈ AQ\)Æ_ so(n, C) ⊗A m-1xÆP;
[αij ⊗ f, αjk ⊗ g] = αik ⊗ Ejfg,
[αij ⊗ f, αij ⊗ g] = [αij ⊗ f, αkl ⊗ g] = 0,

















Cαij ⊗ tm.ur{αij ⊗ tm| 1 ≤ i < j ≤ n, m ∈ Zν} D Ln $	KW
Zν2 := {(s1, s2, · · · , sν) ∈ Zν | sj = 0, 1; j = 1, · · · , ν}qB 1.1.2 E E1, · · · , En N A ~Yyx s1, · · · , sn ∈ Zν2, L
Ln(E1, · · · , En) Wt Ln(ts1 , · · · , tsn))l℄6,niB sn = 0qB 1.1.3 1P L4(t1, t2, t1t2, 1) Ns`J
~ [ n = 3e[ [2]eE*w$Vnm?Z% toroidalW/ L3(E1, E2,
E3) <O>wE loop W/ L3(1, 1, 1) <O> L3(ts1 , ts2, 1)\s s1, s2  
Zν2 s(5yO,)G,[ n = 3, ν = 2 m?Z% toroidal W/QOa+-pm; L3(1, 1, 1) 4 L3(t1, t2, 1)e[ [6] 4 [7] 7 Wakimoto:>}K TKK W/ G(T (S)) $li;*[2] Q?e[s!Km?Z% toroidal W/ L(t1, t2, 1) $li;*slQ [1] s℄=U* L(t1, t2, 1) $ Wakimoto I!e n = 4 K.(&)m?Z% Toroidal W/ L4(t1, t2, t1t2, 1) o0K$li;*4
Wakimoto- I V oR\5KÆ













lz l0(<m Toroidal 1P Wakimoto 8 6_QO+-pi?m2W/ L4(t1, t2, t−11 t−12 , 1) oXm?Z% toroidal W/ L A4 TKK W/;#Q TKK W/m-sk ν = 2Xa) e1 = (1, 0), e2 = (0, 1) ∈ Z2X; S = S0⋃S1⋃S2⋃S3\s S0 =
2Z2, S1 = S0 + e1, S2 = S0 + e2, S3 = S0 + e1 + e2v> STKK W/ G(J (S)).$W/
T := span{h ⊗ xσi , [Lxσi , Lxσj ]|σi ∈ Si, σj ∈ Sj , 1 ≤ i 6= j ≤ 3}, (3)\sP;[
[h ⊗ xσi , h ⊗ xσj ] = 4[Lxσi , Lxσj ],
[[Lxσi , Lxσj ], h ⊗ xσk ] = δjkh ⊗ xσi+σj+σk − δikh ⊗ xσi+σj+σk ,
[[Lxσi , Lxσj ], [Lxσk , Lxσl ]] = (δjk − δik)[Lxσi+σj+σk , Lxσl ] + (δil − δjl)[Lxσi+σj+σl , Lxσk ].qB 1.2.2 (<m toroidal 1P L4(t1, t2, t1t2, 1) Wt T {I: }pxÆIm- L4(t1, t2, t1t2, 1) _ T xÆ6 ϕ:




h ⊗ xei+2m, 1 ≤ i ≤ 3,
αij ⊗ tm 7→ [Lxei , Lxej+2m ], 1 ≤ i 6= j ≤ 3.{*e ϕ  $)Æ_OpCeE ODvw+=5yO
1 ≤ i, j, k ≤ 3 4 m, n ∈ Z2;
ϕ[α4i ⊗ tm, α4j ⊗ tn] = ϕ(−αij ⊗ tm+n) = −[Lxei , Lxej+2(m+n)],
[ϕ(α4i ⊗ tm), ϕ(α4j ⊗ tn)] = −
1
4
[h ⊗ xei+2m, h ⊗ xej+2n] = −[Lxei+2m , Lxej+2n].y℄yev$7;



























lz l0(<m Toroidal 1P Wakimoto 8 7
[ϕ(αij ⊗ tm), ϕ(αjk ⊗ tn)] = [[Lxei , Lxej+2m], [Lxej , Lxek+2n]] = [Lxei+2(ej+m), Lxek+2n ].y℄ye\g ur?( ϕ Om?Z% toroidalW/ L4(t1, t2,
t1t2, 1) O> T i?m-W/ L O
deg(α41 ⊗ tm) = m + 12e1, deg(α42 ⊗ tm) = m + 12e2,
deg(α43 ⊗ tm) = m − 12(e1 + e2), deg(α12 ⊗ tm) = m + 12(e1 + e2),
deg(α13 ⊗ tm) = m − 12e2, deg(α23 ⊗ tm) = m− 12e1.



























(e1+e2), }) m ∈ Z2 − 1
2
(e1 + e2),






















e1 , }) m ∈ Z2 − 1
2
e1,
0, }) m ∈ Z2.\P;:}p#o
[α(m), α(n)] = Ωi(2n)β(m + n), 2m ∈ Si, i = 1, 2, 3, 2n ∈ Z2,
[α(m), β(n)] = Ωi(2n)α(m + n), 2m ∈ Si, i = 1, 2, 3, 2n ∈ Z2, (5)
[β(m), β(n)] = Ωi(2n)β(m + n), 2m ∈ Si, i = 1, 2, 3, 2n ∈ Z2,\s
Ω1(2n) =
{
0, }) 2n ∈ S0⋃S1,
1, }) 2n ∈ S2⋃S3,
Ω2(2n) =
{
0, }) 2n ∈ S0⋃S2,


















0, }) 2n ∈ S0⋃S3,
−1, }) 2n ∈ S1,
1, }) 2n ∈ S1.








∈ SL2(C),\s σ ∈ Z2, a(σ)d(σ) = 1v ∀σ ∈ Z2, 
P (σ) = a(σ)
∂
∂x(σ)
, Q(σ) = c(σ)
∂
∂x(σ)
+ d(σ)x(σ).v ∀σ, τ ∈ Z2{*;a


































(−1)r1Q(r + 2n)P (r), 2n ∈ S3,
(7)
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